Spectral Flow in 3D Flat Spacetimes by Basu, Rudranil et al.
ar
X
iv
:1
70
6.
07
43
8v
2 
 [h
ep
-th
]  
20
 D
ec
 20
17
Spectral Flow in 3D Flat Spacetimes
———————————————————————————————————
R. Basu a, b, S. Detournay a and M. Riegler a
aPhysique The´orique et Mathe´matique
Universite´ libre de Bruxelles and International Solvay Institutes
Campus Plaine C.P. 231
B-1050 Bruxelles, Belgium
bSaha Institute of Nuclear Physics
Block - AF, Sector - 1
Bidhan nagar, Kolkata 700064, India
and
Theoretische Natuurkunde,
Vrije Universiteit Brussel,
Pleinlaan 2, B-1050 Brussels, Belgium
rudranil.basu@ulb.ac.be,
sdetourn@ulb.ac.be,
max.riegler@ulb.ac.be
Abstract
In this paper we investigate spectral flow symmetry in asymptotically flat spacetimes both
from a gravity as well as a putative dual quantum field theory perspective. On the gravity
side we consider models in Einstein gravity and supergravity as well as their “reloaded”
versions, present suitable boundary conditions, determine the respective asymptotic sym-
metry algebras and the thermal entropy of cosmological solutions in each of these models.
On the quantum field theory side we identify the spectral flow symmetry as automor-
phisms of the underlying symmetry algebra of the theory. Using spectral flow invariance
we then determine the thermal entropy of these quantum field theories and find perfect
agreement with the results from the gravity side. In addition we determine logarithmic
corrections to the thermal entropy.
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1 Introduction
The holographic principle has been one of most groundbreaking ideas in theoretical physics
during the last two decades, its most successful realization being in the form of the Anti-
de Sitter (AdS)/conformal field theory (CFT) correspondence [1]. Given the huge success
of the AdS/CFT correspondence, it is natural to explore holography in other contexts
beyond AdS/CFT in order to broaden the scope of the principle. In this paper we want
to focus in particular on the concept of flat space holography. This aims at establishing
the holographic principle for gravitational dynamics in asymptotically flat spacetimes. A
possible theory of quantum gravity in such a holographic scenario is expected to have a
dual field theoretic description on the co-dimension one, null hypersurface at asymptotic
infinity.
In the context of flat space holography, it is often useful to keep in mind the AdS/CFT
correspondence in lower dimensions. To be more precise, one should refer to the case
of three-dimensional asymptotically AdS spacetimes. In the seminal work (much before
the advent of AdS/CFT correspondence in the string theoretic framework) of Brown and
Henneaux [2] the asymptotic symmetry algebra of three-dimensional AdS spacetimes was
shown to coincide with the symmetries of a two-dimensional conformal field theory. Work-
ing along similar lines, the asymptotic symmetry algebra for three-dimensional asymp-
totically flat spacetimes was worked out in [3]1 and shown to be the three-dimensional
Bondi-Metzner-Sachs algebra (bms3) [5, 6]. The Lie algebra corresponding to bms3 can
also be understood as an algebraic contraction of the conformal algebra in two dimen-
sions [7]. In a physical sense this contraction corresponds to an ultrarelativistic limit of
the conformal symmetry generators [8]. The resulting Lie algebra consists of a semidirect
product of a single copy of Virasoro algebra with an Abelian ideal. Much of the progress
in flat holography until now makes use of this symmetry algebra as the basic symmetries
of a putative dual field theory, identifying physically interesting structures in the bulk
with physical quantities on the quantum field theory side such as e.g. [9–14]. Explaining
properties such as the thermal entropy of flat space cosmologies2 (FSC) [17, 18] is one
such success.
The pristine example of three-dimensional AdS/CFT mentioned above considers the
gravitational dynamics to be governed by pure Einstein gravity. Various ramifications
of it introduced more complex dynamics both in terms of the geometric content such as
e.g. adding a gravitational Chern–Simons (CS) term [19–22] or other higher derivative
interactions [23, 24], inclusion of matter interactions [25–27] as well as varied boundary
conditions [28–36]. These modifications alter the asymptotic symmetries and hence the
kinematical structure of the putative dual two-dimensional field theory as well. However,
for (asymptotically) flat space holography, which is a relatively new area of research,
explorations to similar avenues are few3.
1 This work extended previous considerations of [4].
2These cosmological solutions in asymptotically flat spacetimes were first described in [15, 16].
3See e.g. [33, 37, 38] for some ramifications in asymptotically flat spacetimes.
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In a very recent work [39] a new set of boundary conditions for gravitational fields
for asymptotically flat spacetimes was introduced such that the asymptotic symmetry
algebra of bms3 is enhanced by a uˆ(1) ⊕ uˆ(1) current algebra. When these kinematical
symmetries are realized dynamically (governed by pure Einstein gravity or Topologically
Massive Gravity (TMG) [40,41]), the current algebra receives a non-trivial level, given in
terms of Newton’s constant. The present study arose from the curiosity as to how this
current can be understood in the putative dual field theory at the boundary and/or if
there may be other descriptions of it in the gravity side.
There are at least two viewpoints to answer this question. One way of thinking is
that this extra symmetry in the dual two-dimensional field theory is the R-symmetry
of extended supersymmetry (SUSY) on top of bms3. In order to follow up this line
of thought we concentrate in this work on a particular avatar of N = 4 SUSY that
contains the Abelian R-symmetry mentioned above. The bulk description then can be
determined to be a supergravity theory with appropriate amount of SUSY. It is worthwhile
to mention that SUSY extensions of bms3 algebra have been explored recently in the
literature in various contexts. These include N = 1 or 2 SUSY extensions [42–45] of bms3
in a flat holography set up. On the other hand the algebra describing residual worldsheet
symmetry of tensionless superstrings [46] or ambi-twistor strings [47] has been shown to
be equivalent to an algebra isomorphic to N = 1 super-bms3. The other viewpoint calls
for a uˆ(1)⊕ ˆu(1) gauge field in the bulk sourced by this new current at the boundary. This
second picture requires introduction of a Chern-Simons term in the bulk action which on
the other hand, does not bring along any new degrees of freedom. We have successfully
implemented these two realizations in this article.
While trying to understand the role of this new bosonic current from the field theory
side, we also recall an interesting aspect of certain superconformal field theories. Super-
conformal symmetry with extended SUSY in two dimensions, expressed via the super
Virasoro algebra, possesses an inner automorphism called “spectral flow”. While this is
a statement of invariance at the level of the algebra, the representation theory is affected
as well in the sense that highest weights defining a module shift linearly under a spectral
flow. On the other hand, even in absence of SUSY, this invariance is seen in certain
Virasoro-Kac Moody systems as well [48]. Apart from just being an algebraic curiosity,
this property has also been successfully exploited in the case of AdS3 holography. The ex-
amples range from calculating entropy of charged black holes [49,50] to analyzing elliptic
genera corresponding to CFTs having well posed gravity duals in AdS3 [51].
One of the key observations of the present work is that we have found spectral flow
invariance for bms3 algebras augmented with uˆ(1)⊕ uˆ(1) currents, both with and without
SUSY. In the context of discussing spectral flow for the bms3 algebra with the above men-
tioned current structure, it is natural to ask whether such an automorphism is observed
even if one includes only a single uˆ(1) current. The answer again is in the affirmative, at
least when we do not include superymmetry.
Moreover we use this automorphism for Einstein gravity, supergravity in flat space as
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well “reloaded” versions thereof to calculate the thermal entropy, including the logarithmic
corrections, for flat space cosmologies. Apart from the usual attributes of mass and
angular momentum, the horizon now carries charges corresponding to SUSY R-charge or
the charges due to the extra gauge field in the two pictures mentioned above. As a result
the expressions for the entropy at different orders in quantum corrections are spectral
flow invariant.
We organize the paper in the following way. In Section 2 we present a gravity toy model
with spectral flow symmetry in the bulk first in AdS3 and then show how this model can be
used to determine similar models in flat space. In Section 3 we introduce the bms3 algebra
supplemented with two uˆ(1) current algebras, both with and without SUSY. We show the
spectral flow invariance for the two cases separately. In the next Section 4 we present
suitable boundary conditions for a number of different gravity models in flat space namely
Einstein gravity and supergravity as well as “reloaded” versions thereof. Thermodynamic
properties of flat space cosmologies from a gravity perspective are presented in Section 5
while the field theory calculation for the entropy is presented in Section 6. We then
conclude by summarizing the key results and presenting some open problems for further
studies.
2 A Gravity Toy Model
In this section, we illustrate with a very simple toy model how spectral flow symmetry
manifests itself in the bulk, first in AdS3 and then show how one can take an appropriate
limit to three-dimensional asymptotically flat gravity.
Since the simplest example of having spectral flow symmetry in the context of AdS3/CFT2
holography is provided in case the CFT is deformed by at least one uˆ(1) current algebra
a natural model to consider in this context is Einstein gravity with negative cosmological
constant in 3D that is coupled to at least one u(1) gauge field [49]. With a bit of hindsight
in regards to a suitable model in asymptotically flat spacetimes we will couple two u(1)
gauge fields to Einstein gravity in such a way that the asymptotic symmetry algebra is
given by two copies of vir A uˆ(1). This can be done in a particular straightforward way
in a first order formalism using the Chern-Simons formulation of gravity in 3D [52]. Thus
we consider the difference of two Chern-Simons actions each supplemented with a u(1)
gauge field i.e.
I = ICS+u(1)[k, A; κ, C]− ICS+u(1)[k, A¯; κ¯, C¯], (2.1)
with
ICS+u(1)[k, A; κ, C] =
k
4π
∫
M
〈A ∧ dA+ 2
3
A ∧A ∧A〉 + κ
8π
∫
M
〈C ∧ dC〉 , (2.2)
where k = ℓ
4GN
. Here ℓ is the AdS radius and GN Newton’s constant in three dimensions.
The gauge fields A and A¯ take values in sl(2,R) whereas the gauge fields C and C¯ take
values in u(1). The sl(2,R) generators are labelled by Ln with n = 0,±1 and the u(1)
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generator by S. We chose a basis such that the non-vanishing commutation relations of
these generators are given by
[Ln,Lm] = (n−m)Ln+m. (2.3)
The invariant bilinear form denoted by 〈. . .〉 in (2.2) in this basis is given by
〈LnLm〉 =

L1 L0 L−1
L1 0 0 −1
L0 0
1
2
0
L−1 −1 0 0
 , (2.4a)
〈SS〉 = 1. (2.4b)
The topology of the manifold is that of a solid cylinder. In addition we choose coordinates
such that there is a radial direction 0 ≤ r < ∞ and the boundary of the cylinder is
parametrized by a time coordinate4 −∞ < t < ∞ as well as an angular coordinate
ϕ ∼ ϕ+ 2π.
The radial dependence of gauge fields A and C as well as their barred counterparts is
fixed by
A(r, t, ϕ) = b−1(r) [a(t, ϕ) + d] b(r), C(r, t, ϕ) = b˜−1(r) [c(t, ϕ) + d] b˜(r), (2.5a)
A¯(r, t, ϕ) = b(r) [a¯(t, ϕ) + d] b−1(r), C¯(r, t, ϕ) = b˜(r) [c¯(t, ϕ) + d] b˜−1(r), (2.5b)
with
a(t, ϕ) = aϕ(t, ϕ) dϕ+ at(t, ϕ) dt and c(t, ϕ) = cϕ(t, ϕ) dϕ+ ct(t, ϕ) dt, (2.6)
and similarly for the barred part. In order to be able to straightforwardly take the limit
of vanishing cosmological constant Λ = − 1
ℓ2
→ 0 it is useful to choose the so called BMS
gauge [53] that in the Chern-Simons formulation is given by
b(r) = e
r
2ℓ
L
−1 . (2.7)
4It should be noted that this time coordinate is dimensionless i.e. it is actually the ratio of a dimen-
sionful time coordinate that we again with some hindsight call u = ℓt.
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In addition we also set5 b˜ = e
r
2ℓ
S.
One can now choose boundary conditions as
aϕ = L1 − 2π
k
(
L− 2π
κ
K2
)
L−1, at = L1 − 2π
k
(
L− 2π
κ
K2
)
L−1, (2.8a)
a¯ϕ = L1 − 2π
k
(
L¯− 2π
κ¯
K¯2
)
L−1, a¯t = −L1 + 2π
k
(
L¯− 2π
κ¯
K¯2
)
L−1, (2.8b)
cϕ =
4π
κ
KS, ct =
4π
κ
KS, (2.8c)
c¯ϕ =
4π
κ¯
K¯S, c¯t = −4π
κ¯
K¯S, (2.8d)
where L ≡ L(x+), K ≡ K(x+), L¯ ≡ L¯(x−), K¯ ≡ K¯(x−) with x± = t± ϕ = u
ℓ
± ϕ.
Since the main focus on this section is on the specific model in question and not the
asymptotic symmetry analysis of the boundary conditions (2.8) we put all the technical
details leading to the asymptotic symmetry algebra in Appendix B.1. As described in
this appendix it is straightforward to show that the Fourier modes of the functions L, K
(as well as their barred counterparts) form the following asymptotic symmetry algebra:
[Ln,Lm] = (n−m)Ln+m + c
12
n3δn+m,0, (2.9a)
[Ln,Km] = −mKn+m, (2.9b)
[Kn,Km] =
κ
2
nδn+m,0, (2.9c)
where c = 6k (for the barred part we have c¯ = c = 6k and the u(1) level is κ¯
2
).
The presence of the additional uˆ(1) symmetries in (2.9) gives rise to a one parameter
automorphism of the algebra that is called “spectral flow symmetry”. That means that
one can define the following new generators (the same is true for the barred generators):
L˜n := Ln + uKn +
u2
4
κδn,0, K˜ := Kn + u
κ
2
δn,0, (2.10)
and that the new, tilded operators still satisfy the algebra (2.9). The presence of this
automorphism also has some physical consequences. Since the spectral flow does not
change the form of the algebra this means that also physical observables that depend on
the underlying symmetries such as the thermal entropy of black hole solutions in this
setup should also be invariant under the flow (2.10). In order to see this one can first
determine the thermal entropy of the charged Ban˜ados-Teitelboim-Zanelli (BTZ) black
holes [54,55] with mass ℓM = L0+ L¯0 and angular momentum J = L0− L¯0 by employing
gµν =
ℓ2
2
〈
(Aµ − A¯µ)(Aν − A¯ν)
〉
, (2.11)
5It should be noted at this point that neither the choice of b nor b˜ influences the canonical analysis or
the asymptotic symmetries in any way. The choice of b only influences a possible metric interpretation
of the Chern-Simons connection (2.8). However, since the gauge field does not modify the metric the
specific choice of b˜ does not influence any results or physical interpretations in this work.
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and using the Bekenstein-Hawking area law, or by integrating the first law of (charged)
black hole thermodynamics as outlined e.g. in Section 5.2 for cosmological solutions in
flat space. Both methods yield the same result, namely
STh = 2π
√
c
6
(
L0 − K
2
0
κ
)
+ 2π
√
c¯
6
(
L¯0 − K¯
2
0
κ¯
)
, (2.12)
and it can be explicitly checked that, indeed, (2.12) is invariant under the spectral flow
(2.10).
Since we have written the boundary conditions (2.8) already in a form that makes a limit
of vanishing cosmological constant easier to perform we will now briefly explain how the
transition from AdS3 to flat space works on the level of Chern-Simons connections
6. In
order to do so we will use the so called Grassmann trick [58] that basically consists of
replacing 1
ℓ
→ ǫ and treating ǫ as a Grassmann parameter i.e. ǫ2 = 0. In order to take
the limit it is first important to remember the relations between dualized spin connection
ω, dreibein e and Chern-Simons connections A and A¯ as well as additional fields coming
from the u(1) gauge fields in AdS3 i.e.
A = ω + ǫe, A¯ = ω − ǫe, C = α + ǫβ, C¯ = α− ǫβ. (2.13)
The next step is to determine the components of the spin connection as well as the
dreibein taking into account ǫ2 = 0 and then to use these components to write down new
connections A and C as
A = enMn + ω
nLn, C = βP+ αJ, (2.14)
where Mn and Ln are isl(2,R) generators satisfying
[Ln, Lm] = (n−m)Ln+m, (2.15a)
[Ln, Mm] = (n−m)Mn+m, (2.15b)
[Mn, Mm] = 0, (2.15c)
and J and P are u(1) generators. In addition one can introduce the following new functions
L =
M+ ǫN
2ǫ
, K =
P+ ǫJ
2ǫ
, L¯ =
M− ǫN
2ǫ
, K¯ =
P− ǫJ
2ǫ
, (2.16)
as well as
κ =
1
2
(κP
ǫ
+ κJ
)
, κ¯ =
1
2
(κP
ǫ
− κJ
)
, (2.17)
and k = k˜
ǫ
. Using these functions, as well as the retarded time coordinate u = ǫt one
finds the following expressions for A and C
A = b−1(a+ d)b, C = b˜−1(c+ d)b˜, b = e
r
2
M
−1 , b˜ = e
r
2
P, (2.18)
6The limit also works in principle for the thermal entropy (2.12). However, there are some subtleties
related to the relative sign between the two terms contributing to the entropy that one has to take care
of as outlined in [56, 57] for the case of uncharged BTZ black holes.
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with
aϕ = L1 − π
k˜
(
M− 2π
κP
P2
)
L−1 − π
k˜
(
N− 4π
κP
JP+ 2π
κJ
κ2P
P2
)
M−1, (2.19a)
au = M1 − π
k˜
(
M− 2π
κP
P2
)
M−1, (2.19b)
cϕ =
4π
κP
PJ+
4π
κP
(
J− κJ
κP
P
)
P, (2.19c)
cu =
4π
κP
PP. (2.19d)
We will see later in Section 4 in more detail that the connection (2.19), indeed, gives rise
to spectral flow symmetry in asymptotically flat spacetimes.
3 Spectral Flow Symmetry
The main purpose of this section is to introduce spectral flow symmetry as an auto-
morphism of certain algebras that will be of interest in regards to the gravity models
presented in this work. Initially we will motivate the most general form of these algebras
as I˙no¨nu¨–Wigner contractions of algebras that are relevant in the context of AdS3/CFT2
holography and exhibit spectral flow invariance. Later in Section 4 we then show how
the resulting algebras can be alternatively motivated as asymptotic symmetry algebras of
certain gravity models in 3D flat spacetimes.
3.1 bms3 A uˆ(1) A uˆ(1)
In [39] new asymptotic boundary conditions for flat spacetimes in 3D pure gravity7 were
formulated that yield a symmetry algebra of the general form8
[Ln, Lm] = (n−m)Ln+m + cL
12
n3δn+m,0, (3.1a)
[Ln, Mm] = (n−m)Mn+m + cM
12
n3δn+m,0, (3.1b)
7These boundary conditions can be seen as the flat space analogue of the Troessaert boundary condi-
tions [29].
8For Einstein gravity one has cL = κJ = 0 and cM =
3
GN
, κP = − 14GN , where GN is Newton’s
constant in 3D. For TMG in 3D flat space on the other hand one has cL =
3
µGN
= −8κJ and cM = 3GN ,
κP = − 14GN .
9
[Ln, Jm] = −mJn+m, (3.1c)
[Ln, Pm] = −mPn+m, (3.1d)
[Mn, Jm] = −mPn+m, (3.1e)
[Jn, Jm] =
κJ
2
nδn+m,0, (3.1f)
[Jn, Pm] =
κP
2
nδn+m,0, (3.1g)
where n,m ∈ Z. This algebra can alternatively also be obtained as an I˙no¨nu¨–Wigner
contraction of two copies of a semi-direct product of a Virasoro algebra (with generators
Ln and L¯n) and an affine uˆ(1) current algebra (with generators Kn and K¯n) as in (2.9). It
is straightforward to show that after the redefinitions
Ln :=Ln − L¯−n, Mn :=ǫ
(
Ln + L¯−n
)
, (3.2a)
Jn :=Kn − K¯−n, Pn :=ǫ
(
Kn + K¯−n
)
, (3.2b)
cL :=c− c¯, cM :=ǫ (c+ c¯) , (3.2c)
κJ :=κ− κ¯, κP :=ǫ (κ+ κ¯) , (3.2d)
one precisely obtains (3.1) in the limit ǫ→ 0.
Having an algebra like (3.1) where uˆ(1) current algebras are present as subalgebras, a
natural question to ask is if there is a spectral flow symmetry present. And indeed,
for the algebra (3.1) it is straightforward to show that the following two-parameter flow
preserves the general structure of the algebra i.e. the following transformation is an inner
automorphism:
L˜n := Ln + uJn + vPn +
2uvκP + u
2κJ
4
δn,0, (3.3a)
M˜n := Mn + uPn +
u2
4
κP δn,0, (3.3b)
J˜n := Jn +
uκJ + vκP
2
δn,0, (3.3c)
P˜n := Pn +
u
2
κP δn,0, (3.3d)
(3.3e)
where u and v are arbitrary real numbers.
At this point it is important to note that the fact that the algebra (3.1) allows for a two-
parameter flow is closely linked to the fact that there are two a priori independent uˆ(1)
levels κJ and κP . As soon as one of the levels vanishes or they are no longer independent
from each other one is left with only a single-parameter flow whose exact form can be
deduced from (3.3).
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3.2 N = 4 Extended Super bms3
As an additional example of an algebra exhibiting spectral flow invariance we now discuss
an N = 4 supersymmetric extension of the bms3 algebra that is given by the following
non-vanishing relations:
[Ln, Lm] = (n−m)Ln+m + cL
12
n(n2 − 1)δn+m,0, (3.4a)
[Ln, Mm] = (n−m)Mn+m + cM
12
n(n2 − 1)δn+m,0, (3.4b)
[Ln, G
±
r ] = (
n
2
− r)G±n+r, (3.4c)
[Ln, R
±
r ] = (
n
2
− r)R±n+r, (3.4d)
[Mn, G
±
r ] = (
n
2
− r)R±n+r, (3.4e)
[Ln, Jm] = −mJn+m, (3.4f)
[Ln, Pm] = −mPn+m, (3.4g)
[Mn, Jm] = −mPn+m, (3.4h)
[Jn, G
±
r ] = ±G±n+r, (3.4i)
[Jn, R
±
r ] = ±R±n+r, (3.4j)
[Pn, G
±
r ] = ±R±n+r, (3.4k)
{G±r , G∓s } = 2Lr+s ± (r − s)Jr+s +
cL
3
(
r2 − 1
4
)
δr+s,0, (3.4l)
{G±r , R∓s } = 2Mr+s ± (r − s)Pr+s +
cM
3
(
r2 − 1
4
)
δr+s,0, (3.4m)
[Jn, Jm] =
cL
3
nδn+m,0, (3.4n)
[Jn, Pm] =
cM
3
nδn+m,0, (3.4o)
where n,m ∈ Z and r, s ∈ Z+ 1
2
in the Neveu-Schwarz basis and r, s ∈ Z in the Ramond
basis. The exact form of this algebra can be understood as taking the bms3 algebra with
its two possible central extensions and adding four supersymmetry generators in a certain
way along with an uˆ(1) ⊕ uˆ(1) R-symmetry such that the (graded) Jacobi identities are
satisfied9.
Alternatively this algebra can be motivated by an I˙no¨nu¨–Wigner contraction of two copies
of the N = 2 superconformal algebra [60]. Interestingly there are a number of different
contractions of the super-conformal algebra resulting into non-unique yet sensible SUSY
algebras on top of bms3 [61–63,45–47]. The variations coming from different contractions
are reflected mainly in the content of R-symmetry. Our chosen R-symmetry being fixed
to be uˆ(1) ⊕ uˆ(1) can be seen as a “despotic”10 contraction [64] with generators Ln, L¯n,
9It should be noted that there is another possibility of extending the bms3 algebra with N = 4 SUSY
and uˆ(1)⊕ uˆ(1) R-symmetry that has been described in [59].
10See [44] for further details on this nomenclature.
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Jn, J¯n as well as G
±
n , G¯
±
n and the central charges c and c¯. Then defining
Ln :=Ln + L¯n, Mn :=ǫ
(
Ln − L¯n
)
, (3.5a)
Jn :=Jn + J¯n, Pn :=ǫ
(
Jn − J¯n
)
, (3.5b)
G±n :=G
±
n + G¯
±
n , R
±
n :=ǫ
(
G±n − G¯±n
)
, (3.5c)
cL :=c+ c¯, cM :=ǫ (c− c¯) , (3.5d)
one obtains precisely11 (3.4) in the limit ǫ→ 0.
As in the previous subsection one can check if the algebra (3.4) is spectral flow invariant
and, indeed, this is the case.
Introducing the discrete flows
G˜±r = G
±
r±u, (3.6a)
R˜±r = R
±
r±u, (3.6b)
one finds that (3.4l) and (3.4m) transform as
{G˜±r , G˜∓s } = 2L˜r+s ± (r − s)J˜r+s +
cL
3
(
r2 − 1
4
)
δr+s,0, (3.7a)
{G˜±r , R˜∓s } = 2M˜r+s ± (r − s)P˜r+s +
cM
3
(
r2 − 1
4
)
δr+s,0, (3.7b)
where the transformation of the bms3 generators and currents are:
L˜n = Ln + uJn +
cL
6
u2δn,0, (3.8a)
M˜n = Mn + uPn +
cM
6
u2δn,0, (3.8b)
J˜n = Jn +
cL
3
uδn,0, (3.8c)
P˜n = Pn +
cM
3
uδn,0. (3.8d)
It is important to note here that, similar to the N = 2 superconformal algebra, the
spectral flow (3.8) with u = 1
2
provides an isomorphism between the Neveu-Schwarz basis
and the Ramond basis of the algebra (3.4). In addition it is to be noted that the above
flow (3.8) is a subset of the two-parameter flow encountered earlier in (3.3). This can be
seen by only taking the u-flow in (3.3) while freezing the v-flow and setting κP =
2cM
3
and κJ =
2cL
3
. One should also take into account that this is natural, since (3.1) is just
the bosonic subalgebra of (3.4) with these identifications (compare (3.1g) with (3.4o)).
It is curious to note that although the algebra we just described (3.4) has four SUSY
generators, its R-symmetry is uˆ(1) ⊕ uˆ(1). One may wish to see if an extension of R-
symmetry is allowed in this case so as to match that of the small or large N = 4 super-
algebra encountered in super conformal field theories [60, 65]. However such a possibility
11Please note that in [64] this algebra was called the N = 4 super Galilean conformal algebra.
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is ruled out as shown in [64]. On the other hand there are other ways in which N = 4
supersymmetry can be incorporated with bms3 with greater amount of R-symmetry. We
leave that topic for future explorations.
Motivated by the case of bms3, a prescription of highest weight representation can be
given observing that L0, M0, J0, P0 form a commuting set of generators. The highest weight
states can be labelled by the eigenvalues of L0, M0, J0 and P0 as
L0|hL, hM , j, p〉 = hL|hL, hM , j, p〉, M0|hL, hM , j, p〉 = hM |hL, hM , j, p〉, (3.9a)
J0|hL, hM , j, p〉 = j|hL, hM , j, p〉, P0|hL, hM , j, p〉 = p|hL, hM , j, p〉. (3.9b)
In addition this state is subject to the condition of getting annihilated by all positive
modes of the algebra.
With this representation, one can define a (anti-) chiral state like-wise in a SCFT via 12
G+−1/2|hL, hM , j, p〉 = 0. (3.10)
It is straightforward to see from the anti-commutators that the chiral state satisfies the
bound hL = j/2. Similarly anti-chiral primaries do satisfy G
−
−1/2|hL, hM , j, p〉 = 0 and are
restricted by the condition hL = −j/2. All other states in the Hilbert space are bound
by the (anti-) chiral states as for them hL ≥ |j|2 . This is based on the assumption that
we have non-negative norm states in the spectrum. This is, indeed possible for certain
values of the central extensions cL, cM , κJ and κP as well as the weights hL, hM , j and
p. For that case this is a BPS shortening of the spectrum.
On the other hand such a shortening from the possible ‘R-chiral’ states defined via
R+−1/2|hL, hM , j, p〉 = 0 is ruled out. This is because of the fact that the commuting
generator M0 is not diagonalizable in the space of descendants generated by negative Ln
modes. This is connected to non-unitarity of the highest weight representations of the
bms3 algebra [66, 67].
4 Gravity Models Exhibiting Spectral Flow Symme-
try
In this section we present three different models of gravity in 3D with vanishing cos-
mological constant that exhibit spectral flow symmetry. Since this paper is focused on
the algebraic and physical properties of spectral flow symmetry the presentation of the
gravity models and the associated boundary conditions that lead to the desired boundary
dynamics will be rather compact in the main body of the paper. For more details on the
asymptotic analysis of said gravity models we refer the interested reader to Appendix B.
12Note that in the following, the state |hL, hM , j, p〉 does not need to be a primary or a highest weight
state in the sense that it does not have to be annihilated by the positive modes of the algebra. But only
satisfy (3.9a).
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4.1 Einstein Gravity
Let us consider Einstein gravity with vanishing cosmological constant in 3D supplemented
by Chern-Simons gauge fields C with coupling κP
4
written in a first order formalism [52]
i.e.
IEH+CS =
k
4π
∫
R +
κP
16π
∫
〈C ∧ dC〉 , (4.1)
where R is the Ricci scalar, k = 1
4GN
with GN being Newton’s constant in 3D and C a
u(1)⊕ u(1) valued gauge field and 〈. . .〉 denotes a suitable invariant bilinear form on the
gauge algebra of C.
Up to boundary terms the action (4.1) can be equivalently formulated in terms of an
isl(2,R)⊕ u(1)⊕ u(1) Chern-Simons theory with the following action
ICS[A] =
k
4π
∫
M
〈A ∧ dA+ 2
3
A ∧A ∧A〉 + κP
16π
∫
M
〈C ∧ dC〉 , (4.2)
where A ∈ isl(2,R) and C ∈ u(1) ⊕ u(1). We use a basis for isl(2,R) ⊕ u(1) ⊕ u(1)
with generators Ln, Mn, J and P with n = 0,±1 that have the following non-vanishing Lie
brackets:
[Ln, Lm] = (n−m)Ln+m, (4.3a)
[Ln, Mn] = (n−m)Mn+m. (4.3b)
The corresponding invariant bilinear form is given by 〈LnLm〉 = 〈MnMm〉 = 〈LnJ〉 = 〈MnJ〉 =
〈LnP〉 = 〈MnP〉 = 〈JJ〉 = 〈PP〉 = 0 as well as
〈LnMm〉 = −2

M1 M0 M−1
L1 0 0 1
L0 0 −12 0
L−1 1 0 0
 , (4.4a)
〈JP〉 = 2. (4.4b)
Let us assume that the topology of the manifold is that of a solid cylinder. In addition
we choose coordinates such that there is a radial direction 0 ≤ r <∞ and the boundary
of the cylinder is parametrized by a retarded time coordinate −∞ < u <∞ as well as an
angular coordinate ϕ ∼ ϕ+ 2π.
We then fix the radial dependence of gauge fields A and C as
A(r, u, ϕ) = b−1(r) [a(u, ϕ) + d] b(r), C(r, u, ϕ) = b˜−1(r) [c(u, ϕ) + d] b˜(r), (4.5)
with
a(u, ϕ) = aϕ(u, ϕ) dϕ+au(u, ϕ) du, and c(u, ϕ) = cϕ(u, ϕ) dϕ+cu(u, ϕ) du. (4.6)
A consequence of such a gauge choice is that the equations of motion F = dA+[A,A] = 0
and F¯ = dC = 0 simplify drastically.
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It is important to note that different choices of the group element b will yield different
geometrical interpretations. In order to interpret our boundary conditions as cosmological
solutions later on we choose this group element as
b(r) = e
r
2
M
−1 , (4.7)
in addition we set b˜ = e
r
2
P.
After having completely specified our specific setup we are now ready to formulate bound-
ary conditions. Using the inspiration coming from the flat limit of the AdS3 example (2.19)
one can write down boundary conditions in terms of the gauge fields a and c as
aϕ = L1 − π
k
(
M− 2π
κP
P2
)
L−1 − π
k
(
N− 4π
κP
JP
)
M−1, (4.8a)
au = M1 − π
k
(
M− 2π
κP
P2
)
M−1, (4.8b)
cϕ =
4π
κP
PJ+
4π
κP
JP, (4.8c)
cu =
4π
κP
PP, (4.8d)
where the functions M, N, J and P are arbitrary functions of u and ϕ.
Looking at the equations of motion F = 0 and F¯ = 0 one obtains very simple constraints
on the (retarded) time evolution of the functions M, N, J and P as
∂uP = ∂uM = 0, ∂uJ = ∂ϕP, ∂uN = ∂ϕM. (4.9)
That means that on-shell these functions can be written as
M = M(ϕ), N = L(ϕ) + uM′ (4.10a)
P = P(ϕ), J = J(ϕ) + uP′. (4.10b)
After performing the canonical analysis presented in Appendix B.2 one finds the following
non-vanishing Dirac brackets for the state dependent functions:
{L(ϕ),L(ϕ¯)}D.B = 2Lδ′ − δL′, (4.11a)
{L(ϕ),M(ϕ¯)}D.B = 2Mδ′ − δM′ − k
2π
δ′′′, (4.11b)
{L(ϕ), J(ϕ¯)}D.B = Jδ′ − δJ′, (4.11c)
{L(ϕ),P(ϕ¯)}D.B = Pδ′ − δP′, (4.11d)
{M(ϕ), J(ϕ¯)}D.B = Pδ′ − δP′, (4.11e)
{J(ϕ),P(ϕ¯)}D.B = κP
4π
δ′, (4.11f)
where all functions appearing on the r.h.s are functions of ϕ¯ and prime denotes dif-
ferentiation with respect to the corresponding argument. Moreover δ ≡ δ(ϕ− ϕ¯) and
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δ′ ≡ ∂ϕδ(ϕ − ϕ¯). Expanding the fields and delta distribution in terms of Fourier modes
as
M =
1
2π
∑
n∈Z
(
Mn − k
2
δn,0
)
e−inϕ, L =
1
2π
∑
n∈Z
Lne
−inϕ, (4.12a)
P =
1
2π
∑
n∈Z
Pne
−inϕ, J =
1
2π
∑
n∈Z
Jne
−inϕ, (4.12b)
δ =
1
2π
∑
n∈Z
e−in(ϕ−ϕ¯), (4.12c)
and then replacing the Dirac brackets with commutators using i{·, ·} → [·, ·] one obtains
the following non-vanishing commutation relations:
[Ln, Lm] = (n−m)Ln+m, (4.13a)
[Ln, Mm] = (n−m)Mn+m + cM
12
n(n2 − 1)δn+m,0, (4.13b)
[Ln, Jm] = −mJn+m, (4.13c)
[Ln, Pm] = −mPn+m, (4.13d)
[Mn, Jm] = −mPn+m, (4.13e)
[Jn, Pm] =
κP
2
nδn+m,0, (4.13f)
which is exactly the algebra (3.1) with cL = κJ = 0 and cM = 12k.
4.2 N = 4 Flat Supergravity
In this subsection we show how one can obtain an asymptotic symmetry algebra of the
form (3.4) from an N = 4 flat Chern-Simons supergravity action13.
Let us consider an action of the form
ICS[A] =
k
4π
∫
M
〈A ∧ dA+ 2
3
A ∧A ∧A〉, (4.14)
13While finishing this work we became aware of the work by Oscar Fuentealba, Javier Matulich and
Ricardo Troncoso [68] that is also dealing with supergravity in three-dimensional asymptotically flat
spacetimes that has a partial overlap with some of the things we consider in this paper. However, the main
focus in their work is on a supergravity action that can be seen as a truncation of the “democratic” limit
of N = (2, 2) supergravity in contrast to the case treated in this work that corresponds to the “despotic”
limit. Even though the theories considered differ slightly it is nice to see that physical observables like the
thermal entropy of cosmological solutions match precisely and can be written as (5.21), as they should,
since the bosonic part of both theories is the same.
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where A takes values in the Lie superalgebra given by the following non-vanishing com-
mutation and anti-commutation relations
[Ln, Lm] = (n−m)Ln+m, (4.15a)
[Ln, Mm] = (n−m)Mn+m, (4.15b)
[Ln, G
±
r ] =
(
n
2
− r) G±n+r, (4.15c)
[Ln, R
±
r ] =
(
n
2
− r) R±n+r, (4.15d)
[Mn, G
±
r ] =
(
n
2
− r) R±n+r, (4.15e)
[J, G±r ] = ±G±r , (4.15f)
[J, R±r ] = ±R±r , (4.15g)
[P, G±r ] = ±R±r , (4.15h)
{G±r , G∓s } = 2Lr+s ± (r − s)Jr+s, (4.15i)
{G±r , R∓s } = 2Mr+s ± (r − s)Pr+s, (4.15j)
where n,m = 0,±1 and r, s = ±1
2
that we call isl(2|1)14. The invariant bilinear form on
this algebra is given by
〈Ln Mm〉 = −2

M1 M0 M−1
L1 0 0 1
L0 0 −12 0
L−1 1 0 0
 = 〈Mn Lm〉, (4.16a)
〈Gar Rbs〉 = 4

R+1
2
R+
− 1
2
R−1
2
R−
− 1
2
G+1
2
0 0 0 −1
G+
− 1
2
0 0 1 0
G−1
2
0 −1 0 0
G−
− 1
2
1 0 0 0

= −〈Rar Gbs〉, (4.16b)
〈Jn Pm〉 = −4 = 〈Pn Jm〉, (4.16c)
and all other pairings of generators vanish.
We propose now the following boundary conditions:
A(r, u, ϕ) = b−1(r) [a(u, ϕ) + d] b(r), and b(r) = e
r
2
M
−1 , (4.17)
and
aϕ = L1 − π
k
(
M+
π
4k
P2
)
L−1 − π
k
(
N +
π
2k
JP
)
M−1 − π
2k
PJ− π
2k
JP
− π
2k
R−G+
− 1
2
− π
2k
R+G−
− 1
2
− π
2k
G−R+
− 1
2
− π
2k
G+R−
− 1
2
, (4.18a)
au = M1 − π
k
(
M+
π
4k
P2
)
M−1 − π
2k
PP− π
2k
R−R+
− 1
2
− π
2k
R+R−
− 1
2
, (4.18b)
14For more details on this nomenclature please refer to Appendix A.4.
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where M, N, J, P are commuting functions of u and ϕ and Ra and Ga are anticommuting
Grassmann valued functions of u and ϕ.
As in the Einstein gravity case, the equations of motion F = dA+A∧A = 0 put certain
constraints on the functions appearing in (4.18) as
∂uP = ∂uM = ∂uG
± = ∂uR
± = 0, ∂uJ = ∂ϕP, ∂uN = ∂ϕM, ∂uG
± = ∂ϕR
±.
(4.19)
This means that on-shell these functions can be written as
M = M(ϕ), N = L(ϕ) + uM′ (4.20a)
R± = R±(ϕ), G± = G±(ϕ) + u
(
R±
)′
, (4.20b)
P = P(ϕ), J = J(ϕ) + uP′. (4.20c)
After determining the boundary condition preserving gauge transformations and the cor-
responding canonical boundary charges as shown in Appendix B.3 one finds the following
non-vanishing Dirac brackets for the state dependent functions:
{L(ϕ),L(ϕ¯)}D.B = 2Lδ′ − δL′, (4.21a)
{L(ϕ),M(ϕ¯)}D.B = 2Mδ′ − δM′ − k
2π
δ′′′, (4.21b)
{L(ϕ),G±(ϕ¯)}D.B = 3
2
G
±δ′ − δ(G±)′, (4.21c)
{L(ϕ),R±(ϕ¯)}D.B = 3
2
R±δ′ − δ(R±)′, (4.21d)
{M(ϕ),G±(ϕ¯)}D.B = 3
2
R±δ′ − δ(R±)′, (4.21e)
{L(ϕ), J(ϕ¯)}D.B = Jδ′ − δJ′, (4.21f)
{L(ϕ),P(ϕ¯)}D.B = Pδ′ − δP′, (4.21g)
{M(ϕ), J(ϕ¯)}D.B = Pδ′ − δP′, (4.21h)
{J(ϕ),G±(ϕ¯)}D.B = ∓G±δ, (4.21i)
{J(ϕ),R±(ϕ¯)}D.B = ∓R±δ, (4.21j)
{P(ϕ),G±(ϕ¯)}D.B = ∓G±δ, (4.21k)
{G±(ϕ),G∓(ϕ¯)}D.B = 2Lδ ± δJ′ ∓ 2Jδ′, (4.21l)
{G±(ϕ),R∓(ϕ¯)}D.B = 2Mδ ± δP′ ∓ 2Pδ′ − 2
kπ
δ′′, (4.21m)
{J(ϕ),P(ϕ¯)}D.B = −2k
π
δ′, (4.21n)
where all functions appearing on the r.h.s are functions of ϕ¯ and prime denotes dif-
ferentiation with respect to the corresponding argument. Moreover δ ≡ δ(ϕ− ϕ¯) and
δ′ ≡ ∂ϕδ(ϕ− ϕ¯). Expanding the fields and delta distribution15 in terms of Fourier modes
15For (4.21l) and (4.21m) we used δ = 12pi
∑
n∈Z+ 1
2
e−in(ϕ−ϕ¯). For more details on this please refer to
e.g. [69].
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as
M =
1
2π
∑
n∈Z
(
Mn − k
2
δn,0
)
e−inϕ, L =
1
2π
∑
n∈Z
Lne
−inϕ, (4.22a)
R
± =
1
2π
∑
n∈Z+ 1
2
R±n e
−inϕ, G± =
1
2π
∑
n∈Z+ 1
2
G±n e
−inϕ, (4.22b)
P = − i
2π
∑
n∈Z
Pne
−inϕ, J = − i
2π
∑
n∈Z
Jne
−inϕ, (4.22c)
δ =
1
2π
∑
n∈Z
e−in(ϕ−ϕ¯), (4.22d)
and then replacing the Dirac brackets with commutators using i{·, ·}D.B → [·, ·] for the
bosonic fields and with anticommutators using {·, ·}D.B → {·, ·} for the fermionic fields
one obtains the following non-vanishing commutation relations:
[Ln, Lm] = (n−m)Ln+m, (4.23a)
[Ln, Mm] = (n−m)Mn+m + cM
12
n(n2 − 1)δn+m,0, (4.23b)
[Ln, G
±
r ] =
(
n
2
− r) G±n+r, (4.23c)
[Ln, R
±
r ] =
(
n
2
− r) R±n+r, (4.23d)
[Mn, G
±
r ] =
(
n
2
− r) R±n+r, (4.23e)
[Ln, Jm] = −mJn+m, (4.23f)
[Ln, Pm] = −mPn+m, (4.23g)
[Mn, Jm] = −mPn+m, (4.23h)
[Jn, G
±
r ] = ±G±n+r, (4.23i)
[Jn, R
±
r ] = ±R±n+r, (4.23j)
[Pn, G
±
r ] = ±R±n+r, (4.23k)
{G±r , G∓s } = 2Lr+s ± (r − s)Jr+s, (4.23l)
{G±r , R∓s } = 2Mr+s ± (r − s)Pr+s +
cM
3
(
r2 − 1
4
)
δr+s,0, (4.23m)
[Jn, Pm] =
cM
3
nδn+m,0, (4.23n)
with cM = 12k.
Comparison with the algebra (3.4) shows that this asymptotic symmetry algebra is, in-
deed, a special case with κP =
2cM
3
and cL = κJ = 0 of the more general algebra (3.4).
4.3 Einstein Gravity and N = 4 Supergravity “Reloaded”
The two models presented previously were able to realize subsets with cL = 0 and κJ = 0
of the general algebras (3.1) and (3.4) as their asymptotic symmetry algebras. As such
19
it would be nice to also have examples of models that realize the full algebras with all
central extensions being non-zero. In the Chern-Simons formulation of gravity there is
one particular efficient way of achieving this, that is, by changing the invariant bilinear
form used in the Chern-Simons action such as in e.g. [70,42] in order to obtain “reloaded”
versions of Einstein und supergravity theories. We will first start with the Einstein gravity
case treated in Sec. 4.1 and explain the main features of this construction before extending
these considerations to the N = 4 supergravity story.
Consider a model whose Chern-Simons action has the same general form as in (4.2) with
a bilinear form that satisfies (4.4) as well as in addition
〈LnLm〉 = µ〈LnMm〉, 〈JnJm〉 = ν〈JnPm〉. (4.24)
This change does not directly influence the canonical analysis performed for the Einstein
gravity case and the boundary conditions (4.8). Hence also the boundary condition pre-
serving gauge transformations are still given by (B.11). However, the resulting canonical
charges and thus also the asymptotic symmetry algebra are affected by this change of in-
variant bilinear form. Thus one obtains the following variation of the canonical boundary
charge:
δQ =
∫
dϕ
(
ǫL
(
δL + µδM− 4π
κP
(µ− ν)δPP
)
+ ǫMδM+ ǫJ(δJ+ νδP) + ǫPδP
)
.
(4.25)
One can now define new functions L˜ and J˜ as
L˜ := L+ µM− 2π
κP
(µ− ν)P2, J˜ := J+ νP, (4.26)
such that the variation of the canonical charge simplifies to
δQ =
∫
dϕ
(
ǫLδL˜ + ǫMδM+ ǫJδJ˜+ ǫPδP
)
. (4.27)
It is then straightforward to show that the Fourier modes of the functions L˜, M, J˜, P
satisfy the algebra (3.1) with
cL = 12µk, cM = 12k, κJ = νκP . (4.28)
Similarly one can take a model with a Chern-Simons form (4.14) and an invariant bilinear
form that satisfies (4.16) as well as in addition
〈LnLm〉 = µ〈LnMm〉, 〈Gar Gbs〉 = µ〈Gar Rbs〉, 〈JnJm〉 = µ〈JnPm〉, (4.29)
and use the same arguments as before to arrive at the following variation of the canonical
boundary charges:
δQ[ǫ] =
∫
dϕ
(
ǫLδL˜+ ǫMδM+ ǫ
+
G
δG˜+ + ǫ−
G
δG˜− + ǫ+
R
δR+ + ǫ−
R
δR− + ǫJδJ˜+ ǫPδP
)
,
(4.30)
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where
L˜ := L + µM, G˜± := G± + µR±, J˜ := J+ νP. (4.31)
One can again straightforwardly verify that the asymptotic symmetry algebra spanned by
the Fourier modes of the functions appearing in the variation of the canonical boundary
charge (4.30) is given by (3.4) with cL = 12µk and cM = 12k.
5 Thermal Entropy: Gravity Side
In the previous Section 4 we presented different gravity models and associated boundary
conditions that lead to asymptotic symmetry algebras of the form presented in Section 3.
In this section we compute the thermal entropy of cosmological solutions in these models
and show that the resulting expressions are invariant under (a subset of) the spectral flow
(3.3). This is an important check to our claim that we have, indeed, found gravity models
that exhibit a non-trivial spectral flow symmetry. The necessity for such a check arises
from cases such as e.g. the one presented in [39] where the asymptotic symmetry algebra
itself is in principle spectral flow invariant, but physical observables such as the thermal
entropy of cosmological solutions are only trivially spectral flow invariant.
We determine the thermal entropy in two ways. Since it might be more intuitive for
readers used to the second order formulation of gravity to compute it via the horizon
area of flat space cosmologies we will start by doing exactly this. The other way might
be more accessible for readers used to the Chern-Simons formulation of gravity that
involves functionally integrating the first law of flat space cosmologies as well as imposing
conditions on the holonomies of the Chern-Simons connection.
5.1 Horizon Area
We will begin this subsection by first determining the thermal entropy for the Einstein
gravity case described in Section 4.1 as well as the N = 4 flat supergravity case described
in Section 4.2. To this end we first have to translate the boundary conditions (4.8) and
(4.18) to a metric form. This can be done by extracting the dreibein e from the Chern-
Simons connection A via [52]
A = ωaLa + e
aMa, (5.1)
for a = 0,±1. Then using
ηab = −2

M1 M0 M−1
M1 0 0 1
M0 0 −12 0
M−1 1 0 0
 , (5.2)
one can recover a metric formulation via
gµν = ηabe
a
µe
b
ν . (5.3)
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For the boundary conditions (4.8) as well as (4.18) this leads to the following metric:
ds2 =
4π
k
(
M− 2π
κP
P
2
)
du2 +
4π
k
(
N − 4π
κP
JP
)
du dϕ− 2 dr du+ r2 dϕ2, (5.4)
where one has κP = −8k for the N = 4 supersymmetric boundary conditions (4.18) and
κP is arbitrary for the Einstein gravity case (4.8).
In order to compute the area of the horizon one first has to locate the event horizon by
looking at the point where the determinant of the induced metric on slices of constant
radius vanishes, that is
guu gϕϕ − (guϕ)2 = 0. (5.5)
For the metric (5.4) this happens at
rH =
|N− 4π
κP
JP|√
k
π
(
M− 2π
κP
P2
) . (5.6)
One can now compute the area of the horizon by
AH =
2π∫
0
dϕ
√
|gϕϕ|
∣∣∣
r=rH
=
2π∫
0
dϕ
|N− 4π
κP
JP|√
k
π
(
M− 2π
κP
P2
) . (5.7)
For the zero mode solutions16 N = 1
2π
L0, M =
1
2π
M0, J =
1
2π
J0 and P =
1
2π
P0 this can be
trivially integrated to yield the area
A0H = 2π
|L0 − 2J0P0κP |√
2k
(
M0 − P
2
0
κP
) , (5.8)
and the corresponding thermal entropy
STh =
A0H
4GN
=
π
6
cM
(
L0 − 2J0P0κP
)
√
cM
6
(
M0 − P
2
0
κP
) , (5.9)
with cM = 12k and κP = 8k for the N = 4 supersymmetric boundary conditions (4.18)
and κP =arbitrary for the Einstein gravity case (4.8). It is straightforward to check that
this entropy formula is, indeed, invariant under the spectral flow (3.3).
At this point it is interesting to compare the results for the thermal entropy in the Einstein
gravity case (5.9) with the thermal entropy found in [39]. Even though the asymptotic
16Note that in the flat supergravity case the zero modes read N = 12piL0, M =
1
2piM0, J =
i
2piJ0 and
P = i2piP0.
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symmetry algebras are both subsets of the general form (3.1) and are invariant under
spectral flow symmetry, the thermal entropy for cosmological solutions found in [39] is
only trivially spectral flow invariant. The main reason for that is basically that, in the
cases treated in this paper the horizon of the cosmological solutions get modified in the
presence of the additional uˆ(1) symmetries whereas this does not happen in the model
considered in [39].
5.2 First Law of Flat Space Cosmologies
The main goal of this subsection is to determine the thermal entropy in a slightly different
way than in the previous subsection. That is, we argue that the first law of (charged) flat
space cosmologies is equivalent to imposing conditions on the holonomies of the Chern-
Simons connections in question. The resulting entropy after integrating that first law
then yields exactly the same expression for the thermal entropy as determined previously
using the area law in (5.9). Since there are small technical but no conceptual differences
in the way one determines mass, angular momentum, the electric charges and their cor-
responding chemical potentials for the Einstein gravity, N = 4 flat supergravity case as
well as their “reloaded” versions we will first present the Einstein case in more detail and
then briefly comment on the other two cases.
In order to determine the Entropy of a flat space cosmology in 3D flat space Einstein
gravity described by the connection (4.8) we make use of the first law of flat space cos-
mologies [18] with inverse temperature βT , mass M , angular velocity Ω and angular
momentum J . Since for the case at hand one has additional electric potentials ΦJ and
ΦP and their associated electric charges QJ and QP one expects the first law to account
for those additional charges and potentials as
δM = −TδSTh + ΩδJ − ΦJδQJ − ΦPδQP. (5.10)
In a metric formulation the mass and angular momentum are associated to the charges
of the global asymptotic Killing vectors (AKVs) ∂u and ∂ϕ respectively. Using that the
gauge parameters (B.10) that preserve the boundary conditions (4.8) are related to the
AKVs via ǫ+ ǫ¯ = ξµ(Aµ+Cµ) (see e.g. [71–73]) one can determine (the variation of) mass
and angular momentum of the cosmological solutions (4.8) via
δM := δQ[ǫ|∂u ] + δQ[ǫ¯|∂u ] =
k
2π
∫
dϕ〈AuδAϕ〉+ κP
8π
∫
dϕ〈CuδCϕ〉, (5.11a)
δJ := δQ[ǫ|∂ϕ ] + δQ[ǫ¯|∂ϕ ] =
k
2π
∫
dϕ〈AϕδAϕ〉+ κP
8π
∫
dϕ〈CϕδCϕ〉. (5.11b)
Plugging in the expression for the connection (4.8) one sees that only the zero modes
of N(ϕ), M(ϕ), J(ϕ) and P(ϕ) that we again denote by L0, M0, J0 and P0 respectively
contribute in (5.11) as
δM = δM0, δJ = δL0. (5.12)
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The electric charges are determined from δQ[ǫ¯] in (B.16) by setting the corresponding
gauge parameter to one and the other one to zero. Or equivalently one can write this in
a little bit more suggestive form as
δQJ :=
κP
8π
∫
dϕ〈JδCϕ〉, δQP := κP
8π
∫
dϕ〈PδCϕ〉. (5.13)
Similar to mass and angular momentum the electric charges are given by
δQJ = δJ0, δQP = δP0. (5.14)
After having determined mass, angular momentum and electric charges the remaining
pieces of the puzzle to calculate the entropy via the first law (5.10) is to determine the
thermodynamic potentials. We will do so by imposing conditions on the holonomy ei(h+h¯)
with
h = −βT
2π
(∫
dϕau − Ω
∫
dϕaϕ
)
, (5.15a)
h¯ = −βT
2π
(∫
dϕ cu − Ω
∫
dϕ cϕ + ΦJ
∫
dϕ J+ ΦP
∫
dϕ P
)
. (5.15b)
Before stating what these conditions are it may be illuminating to rewrite the first law
(5.10) using (5.11) and (5.13) as well as (5.15) to yield
δSTh = k〈h δaϕ〉+ κP
2
〈h¯ δcϕ〉. (5.16)
We want to point out that aside from assuming that the solution in question satisfies a
first law we did not make any additional assumptions.
Looking at (5.15a) one sees that h is noting else than the holonomies of (uncharged)
rotating cosmological solutions in flat space (see e.g. [39, 74] or for the AdS case [75]).
Thus demanding that the holonomy associated to h lies in the center of the gauge group17
is tantamount to demanding that the eigenvalues of h satisfy Eigen [h] = Eigen [2πL0].
Now looking at (5.15b) it is natural to demand that the holonomy of h¯ lies in the center
of the gauge group as well. This requirement can also be motivated from higher-spin
theories both in AdS, as well as in flat space. If there are additional higher-spin charges
present one demands that the total holonomies including all charges has to coincide with
the holonomies of the uncharged solutions (see e.g. [76, 77]). Thus, in order for the
holonomies h and h¯ to lie in the center of the gauge group they have to satisfy
Eigen [h] = Eigen [2πL0] , and Eigen
[
h¯
]
= 0. (5.17)
As a consequence this also means that for the case where (5.17) is satisfied one can also
functionally integrate (5.16) to yield
STh = k〈h aϕ〉+ κP
2
〈h¯ cϕ〉. (5.18)
17To be more precise, one has b−1eihb = −1l
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Imposing the conditions (5.17) yields the following relations for the inverse temperature
βT and angular velocity Ω after integrating over ϕ in (5.15)
βT =
π
(
L0 − 2J0P0κP
)
(
M0 − P
2
0
κP
)√
2
k
(
M0 − P
2
0
κP
) , Ω = 2
(
M0 − P
2
0
κP
)
L0 − 2J0P0κP
. (5.19)
The electric potentials are given by
ΦJ =
4P0
(
M0 − P
2
0
κP
)
κP
(
L0 − 2J0P0κP
) , ΦP = 2 (2M0J0 − L0P0)
κP
(
L0 − 2J0P0κP
) . (5.20)
Now using (5.18) one immediately finds the thermal entropy to be
STh =
π
6
cM
(
L0 − 2J0P0κP
)
√
cM
6
(
M0 − P
2
0
κP
) , (5.21)
which is exactly the same result as in (5.9).This shows that the holonomy conditions
(5.17) were, indeed, a sensible choice to make in the Chern-Simons formulation.
For the SUSY example described in Section 4.2 one can use again the first law (5.10) in or-
der to determine the thermal entropy of flat space cosmologies in a SUSY background. As
such one can also use the same kind of reasoning as before with some minor modifications.
These modifications mainly concern the (variation of) mass, angular momentum and the
electric charges. For the N = 4 SUSY case the variations of the charges characterizing
the cosmological solution are given by
δM := δQ[ǫ|∂u ] + δQ[ǫ¯|∂u ] =
k
2π
∫
dϕ〈AuδAϕ〉 = δM0, (5.22a)
δJ := δQ[ǫ|∂ϕ ] + δQ[ǫ¯|∂ϕ ] =
k
2π
∫
dϕ〈AϕδAϕ〉 = δL0, (5.22b)
δQJ :=
k
2π
∫
dϕ〈JδAϕ〉 = δJ0, (5.22c)
δQP =
k
2π
∫
dϕ〈PδAϕ〉 = δP0. (5.22d)
One can now again impose that the holonomy
h = −βT
2π
(∫
dϕau − Ω
∫
dϕaϕ + ΦJ
∫
dϕ J+ ΦP
∫
dϕ P
)
, (5.23)
satisfies
Eigen [h] = Eigen [2πL0] . (5.24)
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This again allows to fix the inverse temperature βT , angular potential Ω and electrical
potentials ΦJ and ΦP that again exactly correspond to (5.19) and (5.20) but with κP = 8k.
Consequently also the thermal entropy is given by (5.21) with κP = 8k.
For the “reloaded” cases described in Section 4.3 one can apply the exact same steps that
have been employed previously in this section in order to obtain the thermal entropy of
cosmological solutions in these theories. The only thing one has to take care of is that
the angular momentum J as well as the uˆ(1) charge QJ are modified due to the different
bilinear form and thus one has to replace L0 and J0 in (5.21) with the zero modes of the
tilded expressions defined in (4.26) and (4.31). By doing so one obtains
STh =
π
6
cM
(
L0 − 2J0P0κP +
κJP
2
0
κ2P
)
+ cL
(
M0 − P
2
0
κP
)
√
cM
6
(
M0 − P
2
0
κP
) , (5.25)
where the central charges as well as the uˆ(1) levels take the same values as described in
Section 4.3 depending on the specific model in question. This expression for the entropy
of cosmological solutions in the presence of uˆ(1) charges is one of the main results of this
work.
6 Thermal Entropy: Field Theory Side
This section is focused on determining the thermal entropy of quantum field theories with
the general symmetries given by (3.1) and (3.4) via a corresponding partition function.
We will present two ways of computing the partition function in this section. One makes
use of the powerful spectral flow automorphism that we found previously whereas the
other one uses a saddlepoint approximation. In the Einstein gravity case one can apply in
principle both techniques, however, as we will see using the spectral flow automorphism
turns out to be the more efficient method for this case. In the N = 4 flat supergravity
case, however, the saddlepoint approximation is the method of choice. In the same spirit
we determine the logarithmic corrections to the thermal entropy as well.
6.1 Partition Functions and Spectral Flow
Let us consider the following ensemble:
Z(ρ, η, µ, ν) = Tr e2πi(ρM0+ηL0+µP0+νJ0), (6.1)
where 2πiρ = −βT and 2πη = Ω encode the inverse temperature and the angular poten-
tial respectively and µ and η are the chemical potentials associated to the uˆ(1) charges.
Furthermore, we assume that the trace in (6.1) is taken in a highest-weight (3.9a) repre-
sentation18.
18In most of the literature on flat space holography in 3D so far highest weight representations have
been quite successfully used for checks of a holographic duality involving asymptotically flat spacetimes
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We now derive a Cardy-like formula for charged flat space cosmologies in 3D flat space
by making use of the spectral flow (3.3) as well as bms3 modular transformations. As a
first step we apply the (inverse) flow (3.3) to (6.1). For the following choice of spectral
flow parameters:
u =
ν
η
, v =
ηµ− νρ
ν2
, (6.2)
the partition function (6.1) becomes
Z(ρ, η, µ, ν) = exp
[
−iπ
(
ν2
2η
κJ +
2ηµν − ν2ρ
2η2
νκP
)]
Tr e2πi(ρM˜0+ηL˜0). (6.3)
Since the spectral flow is an automorphism of the algebra the right-hand side of (6.3)
is equivalent to the original partition function (6.1). The only thing left to compute is
the remaining trace in (6.3). Thus instead of using invariance of the partition function
under the bms equivalent of modular transformations (see e.g. (6.15)) and then using a
saddlepoint approximation to determine the leading order contribution to the partition
function the presence of the two-parameter spectral flow allows for a much more efficient
treatment of the problem at hand. Determining the remaining trace in (6.3) is then a
straightforward process that we will outline in the following [18].
One can now use the invariance of Tr e2πi(ρM˜0+ηL˜0) under bms3 modular transformations [18]
ρ→ ρ
η2
, η → −1
η
, (6.4)
in order to obtain
Z(ρ, η, µ, ν) = exp
[
−iπ
(
ν2
2η
κJ +
2ηµν − ν2ρ
2η2
νκP
)]
Tr e
2πi
η (
ρ
η
M˜0−L˜0). (6.5)
For small values of 2πiρ
η2
= −4π2 βT
Ω2
, i.e. for high temperatures at some given value of the
angular potential only the vacuum with energy M˜min0 = h
v
M and corresponding L˜
min
0 = h
v
L
contributes and so one obtains
logZ(ρ, η, µ, ν) =
2πi
η
(
ρ
η
hvM − hvL −
ν2
4
κJ − 2ηµν − ν
2ρ
4η
κP
)
. (6.6)
such as in e.g. [10,12,13,18]. However, the ”caveat” of these representations is that they are non-unitary
as soon as cM 6= 0 [78]. Alternatively induced representations that do not suffer this caveat have been
proposed as more suitable representations on the quantum field theory side (including possible higher-
spin extensions) of the proposed holographic duality [79, 14, 80]. Even though these two representations
are quite different there is one particular thing that they have in common and that is that in both
representations states can be labelled as in (3.9a).
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In the microcanonical ensemble one has
hL =
1
2πi
∂η logZ =
hvL
η2
− 2ρh
v
M
η3
+
ν2κJ
4η2
+
ν(ηµ− νρ)κP
2η3
, (6.7a)
hM =
1
2πi
∂ρ logZ =
hvM
η2
+
ν2κP
4η2
, (6.7b)
j =
1
2πi
∂ν logZ = −νκJ
2η
− (ηµ− νρ)κP
2η2
, (6.7c)
p =
1
2πi
∂µ logZ = −νκP
2η
, (6.7d)
and therefore also
STh = (−1 + η∂η + ρ∂ρ + ν∂ν + µ∂µ) logZ = 4πiηh
v
L − ρhvM
η2
, (6.8)
or in terms of hL, hM , j and p and replacing h
v
L = − cL24 , hvM = − cM24
STh =
π
6
cM
(
hL − 2 jpκP +
κJp
2
κ2P
)
+ cL
(
hM − p2κP
)
√
cM
6
(
hM − p2κP
) , (6.9)
which is exactly the same expression as (5.25).
Since this expression contains terms that are inverse proportional to κP a natural question
to ask is how this expression for the entropy looks like for κP = 0. Since (6.8) does not
contain κP the relevant equations for κP = 0 are (6.7). For this case these equations read
hL =
1
2πi
∂η logZ =
hvL
η2
− 2ρh
v
M
η3
+
ν2κJ
4η2
, (6.10a)
hM =
1
2πi
∂ρ logZ =
hvM
η2
, (6.10b)
j =
1
2πi
∂ν logZ = −νκJ
2η
, (6.10c)
p = 0. (6.10d)
Thus solving these equations for in terms of η, ρ, ν and inserting the result into (6.8) one
obtains
STh =
π
6
cM
(
hL − j2κJ
)
+ cLhM√
cM
6
hM
. (6.11)
It is also noteworthy that this expression is invariant under the flow (3.3) with κP = 0
and v = 0.
Since (6.8) does not depend on κP and κJ one can use the same logic as before, i.e. set
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κJ = 0 in (6.10) and recover the thermal entropy of a bms3 invariant field theory without
any additional uˆ(1) currents.
Having determined the thermal entropy for a quantum field theory with underlying ex-
tended bms3 symmetry given by (3.1) we now focus on a quantum field theory with N = 4
super bms3 symmetry (3.4). In close analogy to general supersymmetric quantum field
theories we propose the following elliptic genus [81, 82] as a partition function for N = 4
super bms3 invariant quantum field theories:
Z(ρ, η, µ, ν) = TrRR(−1)F e2πi(ρM0+ηL0+µP0+νJ0), (6.12)
where F is a fermionic number operator, TrRR means that the trace is taken in the
Ramond-Ramond sector of the quantum field theory and the parameters ρ, η, µ and ν
are related to inverse temperature, angular potential and chemical potentials as in the
purely bosonic case treated previously.
Since the N = 4 super bms3 algebra exhibits spectral flow symmetry any physical observ-
able should also be invariant under spectral flow. Using this invariance one can show that
the following relation holds:
Z(ρ, η, µ, ν) = exp
[
πi
2
(
(ρ+ 2µ)κP + (η + 2ν) κJ
)]
Z(ρ, η, µ+ ρ, ν + η), (6.13)
since both sides of the equation can be related via a spectral flow (3.8) with u = −1. It
should be noted that the flow (3.8) is a sub-set of the two-parameter flow encountered
earlier in (3.3). This can be seen by only taking the u-flow in (3.3) while freezing the
v-flow and setting κP =
2cM
3
and κJ =
2cL
3
. This is natural, as (3.1) is just the bosonic
sub-algebra of (3.4) with these identifications.
Since in the present case we only have the reduced spectral flow (3.8) and not the full
general flow (3.3) at our disposal one cannot quite use the same convenient techniques
used in the previous case. This is, however, not a problem since one can still apply
other techniques to get an explicit expression for the partition function (6.12). In more
physical terms, the partition function (6.12) is a sum over all microstates in a given
theory weighted with an appropriate weight factor that is given by the exponential factor
in (6.12). Thus at high temperatures the partition function can be related to the density
of states d(hL, hM , j, p) by
Z(ρ, η, µ, ν) =
∫
dhL dhM dj dp d(hL, hM , j, p)e
2πi(ρhM+ηhL+µp+νj), (6.14)
where hL, hM , j and p are the eigenvalues of L0, M0, J0 and P0 respectively. Invariance of
the partition function under the flat space analogue of modular transformations requires
the partition function to satisfy19
Z(ρ, η, µ, ν) = e
−iπ
(
ν2
2η
κJ+
2ηµν−ν2ρ
2η2
κP
)
Z
(
ρ
η2
,−1
η
,
ηµ− νρ
η2
,
ν
η
)
. (6.15)
19One way to see this is to take a suitable limit along the lines of [18] of the transformation behaviour
of an N = 4 superconformal partition function as described in [83].
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This implies that the vacuum state dominates the partition function at high temperatures
Z(ρ, η, µ, ν) ≈ e−iπ
(
ν2
2η
κJ+
2ηµν−ν2ρ
2η2
νκP
)
e
2πi
(
ρ
η2
hvM−
1
η
hvL
)
, (6.16)
where we have assumed that the vacuum state is electrically neutral jv = pv = 0. Inverting
(6.17) one obtains
d(hL, hM , j, p) =
∫
dρ dη dµ dνe
−iπ
(
ν2
2η
κJ+
2ηµν−ν2ρ
2η2
κP
)
e
2πi
(
ρ
η2
hvM−
1
η
hvL−ρhM−ηhL−µp−νj
)
.
(6.17)
This integral can then be evaluated by saddle point methods. This integrand reaches an
extremum at
ρ0 = i
 hvL
2
√
hvM
(
p2
κP
− hM
) + hvM
(
p2 κJ
κP
− 2jp+ hLκP
)
2κP
√
hvM
(
p2
κP
− hM
)3
 , (6.18a)
η0 = i
√
hvM
p2
κP
− hM
, (6.18b)
µ0 = −i
hvLpκP 1√
hvM
(
p2
κP
− hM
) − hvM
(
p3 κJ
κP
+ 2hMjκP − p (2hMκJ + hLκP )
)
κ2P
√
hvM
(
p2
κP
− hM
)3
 ,
(6.18c)
ν0 = −i 2p
κP
√
hvM
p2
κP
− hM
. (6.18d)
Using the saddle (6.18) one obtains for the entropy
STh = log d(0) = −π
4hvM
(
hL − 2 jpκP +
κJp
2
κ2P
)
+ 4hvL
(
hM − p2κP
)
√
−4hvM
(
hM − p2κP
) . (6.19)
Setting
hvL = −
cL
24
, hvM = −
cM
24
, (6.20)
this expression exactly coincides with (6.9).
6.2 Logarithmic Corrections
Since the previous subsection (without SUSY) did not explicitly rely on a saddle point
approximation it would be nice if we could also get the logarithmic corrections to the
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entropy in a similar manner as before. Thus it might be sensible to look at a similar
quantity as in (C.4). In our case it is very suggestive to look at the determinant of the
matrix
Zab =
1
2πi
∂a∂b logZ, (6.21)
where the derivatives are taken with respect to the potentials ρ, η, µ and ν. This matrix
may also be written in a little bit more suggestive form as
Zab =

∂ρhM ∂ηhM ∂µhM ∂νhM
∂ρhL ∂ηhL ∂µhL ∂νhL
∂ρp ∂ηp ∂µp ∂νp
∂ρj ∂ηj ∂µj ∂νj
 . (6.22)
Then the logarithmic correction to the thermal entropy is given by
∆STh = −1
2
log detZ. (6.23)
This can be motivated by writing (6.17) as
d(hL, hM , j, p) =
∫
dρ dη dµ dνe2πif(ρ,η,µ,ν), (6.24)
with
f(ρ, η, µ, ν) =
1
2πi
logZ − (ρhM + ηhL + µp+ νj). (6.25)
The logarithmic corrections to the thermal entropy can then be determined by looking at
∆STh = −1
2
log det ∂a∂bf, (6.26)
where this expression is evaluated at the saddle point. However, looking at (6.25) one can
immediately see that
∂a∂bf =
1
2πi
∂a∂b logZ. (6.27)
Furthermore solving (6.7) in terms of the potentials ρ, η, µ and ν one recovers precisely
the relations of the saddle (6.18). This shows that our assumption is, indeed, valid.
Now applying (6.23) for (6.6) and using (6.7) one obtains
∆STh = −1
2
log
[
(hvM)
2 κ2P
η8
]
= − log
24κP
(
p2
κP
− hM
)2
cM
 . (6.28)
As expected, this expression only contains flow invariant quantities and is valid for both
Einstein gravity and the N = 4 supergravity case as well as their “reloaded” versions. It
is also worthwhile noting that for Einstein gravity, the N = 4 supergravity case as well as
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their “reloaded” versions the thermal entropy including the logarithmic corrections (6.28)
can be written as
STh = S(0) − q log
[
S(0)
]
+ q log [βT ] + . . . , (6.29)
where S(0) is the leading order piece of the entropy, βT the inverse temperature and the
coefficient in front of the logarithm is q = 2.
In case of vanishing κP one can perform the same calculation, however, taking into account
that p as well as µ are now zero. This means in particular that Zab is now a 3× 3 matrix
of the form
Zab =
 ∂ρhM ∂ηhM ∂νhM∂ρhL ∂ηhL ∂νhL
∂ρj ∂ηj ∂νj
 . (6.30)
For this case and again using (6.7) with κP = 0 one obtains
∆STh = −1
2
log
[
2 (hvM )
2 κJ
η7
]
= −1
4
log
[
44κ2Jh
7
M
(
6
cM
)3]
. (6.31)
This expression can again be expressed in the general form (6.29) using the appropriate
expressions for the leading piece of the entropy S(0) as well as the inverse temperature βT
where now one has q = 7
4
.
A very good cross check as to whether or not the way we compute things make sense is
to see what happens if we also set κJ to zero. In that case we should recover precisely
the results of [84] where the logarithmic corrections to the thermal entropy of flat space
cosmologies have been determined.
Now for κJ = κP = 0 the matrix Z takes the form
Zab =
(
∂ρhM ∂ηhM
∂ρhL ∂ηhL
)
. (6.32)
Using again (6.7) but now with κJ = κP = 0 we obtain
∆STh = −1
2
log
[
−4 (h
v
M)
2
η6
]
= −3
2
log
[
2hM
√
12
cM
]
, (6.33)
which is exactly the logarithmic correction20 of the entropy of a flat space cosmology
found in [84].
7 Conclusions and Outlook
In this paper we explored spectral flow symmetry in the context of flat space holography.
We showed spectral flow invariance of certain uˆ(1) extended (supersymmetric) bms3 al-
gebras and presented specific models of gravity along with suitable boundary conditions
20There is a factor 12 difference with respect to the results in [84]. This, however, is only due to a
slightly different definition of cM . Replacing cM → 12cM one immediately recovers (4.14) in [84].
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whose asymptotic symmetries are given by said extended bms3 algebras. We then de-
termined the thermal entropy of cosmological solutions in these models using both the
Bekenstein-Hawking area law as well as integrating the first law of flat space cosmologies.
In addition we derived the thermal entropy (including logarithmic corrections) from a
putative dual quantum field theory partition function.
There are a couple things that would be interesting to do following up this work. One
thing might be to look for more gravity models exhibiting spectral flow symmetry in other
contexts such as e.g. TMG or flat space chiral gravity [85]. Of course one does not nec-
essarily have to be restricted to just uˆ(1) extensions of (super) bms3. For example sˆu(N)
extensions should exhibit spectral flow as well and it would be very interesting to work
this out explicitly.
Furthermore it would be good to better understand why there is only a one-parameter
spectral flow in the N = 4 super bms3 algebra present as in comparison to the purely
bosonic subalgebra. From a naive point of view one would have expected a two-parameter
flow both from the perspective of a I˙no¨nu¨–Wigner contraction of the N = (2, 2) super
Virasoro algebra as well as from the bms3 A uˆ(1) A uˆ(1) case. However, it is not obvious
at all how the second parameter spectral flow could emerge in the N = 4 super bms3 case.
This is something that still needs to be better understood.
Recently there has also been progress in gaining a better understanding of a holographic
principle in asymptotically flat spacetimes in 3D on the full asymptotic boundary of flat
space by linking future and past null infinity21 [89, 90]. It would be interesting to see
if similar arguments could also be used for the cases treated in this work that include
additional gauge fields.
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A Matrix Representations
In this section we collect some explicit matrix representations of the algebras used in this
paper.
A.1 sl(2,R)⊕ u(1)
In order for our notation to be as compact as possible we chose a basis such that the
generators of sl(2,R)⊕ u(1) denoted by Ln and S with n = 0,±1 satisfy
[Ln,Lm] = (n−m)Ln+m, (A.1a)
[S,Ln] = 0, (A.1b)
[S,S] = 0. (A.1c)
Matrices representing these generators have been chosen to be real and in addition satisfy
L†n = (−1)nL−n. (A.2)
In terms of 3× 3 matrices these generators read
L1 =
 0 0 01 0 0
0 0 0
 , L0 =
 12 0 00 −1
2
0
0 0 0
 , S =
 0 0 00 0 0
0 0 1
 . (A.3)
The corresponding bilinear form is proportional to the usual matrix trace and given by
〈LnLm〉 =

L1 L0 L−1
L1 0 0 1
L0 0 −12 0
L−1 1 0 0
 , 〈SS〉 = 1. (A.4)
A.2 isl(2,R) A u(1) A u(1)
In order to construct matrix representations for isl(2,R) A u(1) A u(1) one first can
introduce the matrix γ⋆(D) as [91, 67]
γ⋆(D) =
(
1lD×D 0
0 −1lD×D
)
, (A.5)
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as well as a Grassmann parameter22 ǫ that satisfies ǫ2 = 0. Using these two ingredients
as well as the matrix representation for sl(2,R)⊕ u(1) presented in the previous section
one can write down a matrix representation where we have again
L†n = (−1)nL−n, M†n = (−1)nM−n. (A.6)
These generators are explicitly given by
L1 = L1 ⊗ 1l2×2, L0 = L0 ⊗ 1l2×2, J = S⊗ 1l2×2, (A.7a)
M1 = ǫL1 ⊗ γ⋆(1), M0 = ǫL0 ⊗ γ⋆(1), P = ǫS⊗ γ⋆(1), (A.7b)
and satisfy (4.3). The invariant bilinear form displayed in (4.4) can be obtained from this
matrix representation using the hatted trace introduced in [91, 67]23 and that is defined
by
〈GaGb〉 = T̂r
(
GaGb
)
:=
d
dǫ
Tr
(
GaGbγ
∗
(D)
)∣∣
ǫ=0
, (A.8)
for some set of generators Ga whose matrix representation is given in terms of 2D × 2D
matrices. Similarly the deformed bilinear form found in (4.24) is given by
µTr
(
GaGb
)
, (A.9)
where one has to take into account that ǫ2 = 0.
A.3 sl(m|n) and sl(2|1)
In this subsection we collect some useful facts and formulas regarding matrix represen-
tations of super Lie algebras sl(m|n;C) with a special focus on sl(2|1). This will prove
useful later on when defining a suitable matrix representation for the Lie algebra (4.15).
The superalgebra sl(m|n;C) is the set of all complex valued (m+ n)× (n+m) matrices
M that have the form
M =
(
A B
C D
)
, (A.10)
are equipped with the supercommutator
[M,M ′} =
(
AA′ − A′A+BC ′ +B′C AB′ −A′B +BD′ − B′D
CA′ − C ′A+DC ′ −D′C CB′ + C ′B +DD′ −D′D
)
, (A.11)
and satisfy the supertraceless condition
sTr(M) := Tr(A)− Tr(D) = 0. (A.12)
22The usefulness of such a parameter in the context of flat space holography has been first described
in [58] and subsequently used in [91, 67] to construct explicit matrix representations of isl(N,R).
23Please note that in order to be consistent with the invariant bilinear forms used in this work our
definition for the hatted trace differs by a factor of 14 in comparison to the definition found in [91, 67].
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Elements of this algebra with B = C = 0 are called bosonic wheres elements with A =
D = 0 are called fermionic.
Using these definitions the superalgebra sl(2|1) is the set of all (2 + 1)× (1 + 2) matrices
that are supertraceless and satisfy the relations (4.15). A matrix representation in terms
of 3× 3 matrices is given by
L1 =
 0 0 01 0 0
0 0 0
 , L0 =
 12 0 00 −1
2
0
0 0 0
 , S =
 1 0 00 1 0
0 0 2
 , (A.13a)
G+1
2
=
 0 0 00 0 0√
2 0 0
 , G−1
2
=
 0 0 00 0 √2
0 0 0
 , (A.13b)
where for the sake of compact presentation we have chosen a basis of real valued matrices
such that
L†n = (−1)nL−n,
(
G±r
)†
= (−1) 12∓rG∓−r. (A.14)
The bilinear form on this algebra is then given in terms of the supertrace i.e. 〈. . .〉 ≡ sTr[. . .]
as
〈LnLm〉 =

L1 L0 L−1
L1 0 0 1
L0 0 −12 0
L−1 1 0 0
 , 〈Gar Gbs〉 =

G
+
1
2
G
+
− 1
2
G
−
1
2
G
−
− 1
2
G+1
2
0 0 0 −1
G
+
− 1
2
0 0 1 0
G−1
2
0 −1 0 0
G
−
− 1
2
1 0 0 0

,
(A.15)
and 〈SS〉 = −2.
A.4 isl(m|n)
After having recalled the definition of sl(2|1) we will now define what we mean by the Lie
superalgebra isl(m|n) used in this paper. By this we mean the set of all complex valued
supertraceless 2(m+ n)× 2(n+m) matrices L and M that have the following form:
L =
(
L 0
0 L
)
, M = ǫ
(
L 0
0 −L
)
, (A.16)
where L ∈ sl(m|n) and ǫ is the nilpotent Grassmann parameter already introduced pre-
viously in Section A.2. Or using the same notation as in Section A.2 it is the set of all
matrices that can be constructed as a tensor product using L ∈ sl(m|n), 1l2×2 as well as
ǫγ⋆(1) in the following way:
L := L⊗ 1l2×2, M := ǫL⊗ γ⋆(1), (A.17)
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where L, M ∈ isl(m|n).
One of the main advantages of this construction24 is that the supercommutator (A.11)
generalizes straightforwardly as
[L, L′} =
(
[L,L′} 0
0 [L,L′}
)
, [L, M′} = ǫ
(
[L,L′} 0
0 −[L,L′}
)
, [M, M′} = 0. (A.18)
In addition one can also straightforwardly define a “super” version of the hatted trace25
(A.8) denoted by ŝTr simply by replacing Tr with sTr in the definition (A.8). This
super hatted trace can then be used to determine (4.16) using the matrix representation
presented in this subsection. As in the isl(2,R) case one can determine the deformed
bilinear form (4.29) again by replacing Tr with sTr in (A.9).
B Canonical Analysis
B.1 A Gravity Toy Model
For the sake of compactness we will in what follows only describe the canonical analysis of
the boundary conditions for the unbarred gauge connections, since the procedure for the
barred sector works exactly in the same way as the unbarred sector by simply replacing
unbarred with barred quantities and exchanging x+ → x− as well as taking into account
the relative minus sign in front of the Chern-Simons action.
In order to determine the gauge transformations preserving the boundary conditions (2.8)
we make an ansatz of the form
ǫ(r, t, ϕ) = b−1
[
1∑
a=−1
ǫa(x+)La
]
b, (B.1a)
λ(r, t, ϕ) = b˜−1λ(x+)Sb˜. (B.1b)
In terms of this ansatz the gauge transformations the boundary condition preserving
gauge transformations are given by
ǫ1 = ǫL, ǫ
0 = −ǫ′L, ǫ−1 = −
2π
k
(
L− 2π
κ
K2
)
ǫL +
ǫ′′L
2
, λ = ǫK +
4π
κ
ǫL, (B.2)
where the functions ǫL and ǫK depend on x
+ and a prime denotes differentiation with
respect to ϕ.
The fields L and K then transform under the gauge transformations (B.2) as
δǫL = ǫLL
′ + 2Lǫ′L −
k
4π
ǫ′′′L +Kǫ
′
K, (B.3a)
δǫK =
κ
4π
ǫ′K + ǫLK
′ +Kǫ′L. (B.3b)
24It should be noted that this construction is closely related to what was called a “despotic” limit
in [44] and is one possible I˙no¨nu¨–Wigner contraction of sl(m|n)⊕ sl(m|n).
25This is not only possible for the hatted trace but all the traces defined in [91, 67].
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The corresponding canonical boundary charges are obtained by functionally integrating
[92, 93]
δQ[ǫ] + δQ[λ] =
k
2π
∫
dϕ 〈ǫ δAϕ〉+ κP
4π
∫
dϕ 〈ǫ δCϕ〉 . (B.4)
For the boundary conditions (2.8) one obtains
δQ[ǫ] + δQ[λ] =
∫
dϕ (ǫLδL+ ǫKδK) , (B.5)
which can be functionally integrated to yield
Q[ǫ] +Q[λ] =
∫
dϕ (ǫLL+ ǫKK) . (B.6)
Combining the charges (B.6) with the infinitesimal transformations (B.3) one finds the
following non-vanishing Dirac brackets for the state dependent functions:
{L(ϕ),L(ϕ¯)}D.B = 2Lδ′ − δL′ − k
4π
δ′′′, (B.7a)
{L(ϕ),K(ϕ¯)}D.B = Kδ′ − δK′, (B.7b)
{K(ϕ),K(ϕ¯)}D.B = κ
4π
δ′, (B.7c)
where all functions appearing on the r.h.s are functions of ϕ¯ and prime denotes dif-
ferentiation with respect to the corresponding argument. Moreover δ ≡ δ(ϕ− ϕ¯) and
δ′ ≡ ∂ϕδ(ϕ − ϕ¯). Expanding the fields and delta distribution in terms of Fourier modes
as
L =
1
2π
∑
n∈Z
(
Ln − k
4
δn,0
)
e−inϕ, K =
1
2π
∑
n∈Z
Kne
−inϕ, (B.8)
and then replacing the Dirac brackets with commutators using i{·, ·} → [·, ·] one obtains
the following non-vanishing commutation relations:
[Ln,Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0, (B.9a)
[Ln,Km] = −mKn+m, (B.9b)
[Kn,Km] =
κ
2
nδn+m,0, (B.9c)
where c = 6k.
B.2 Einstein Gravity
In this subsection we show how to compute the gauge transformations preserving (4.8) as
well as the associated canonical charges and the associated asymptotic symmetry algebra.
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In order to find these gauge transformations we make the ansatz
ǫ(r, u, ϕ) = b−1
[
1∑
a=−1
ǫa(u, ϕ)La + σ
a(u, ϕ)Ma
]
b, (B.10a)
ǫ¯(r, u, ϕ) = b˜−1 [ǫ¯(u, ϕ)J+ σ¯(u, ϕ)P] b˜. (B.10b)
In terms of this ansatz the gauge transformations (including proper and non-trivial ones)
that preserve the boundary conditions (4.8) are given by
ǫ1 = ǫL, ǫ
0 = −ǫ′L,
ǫ−1 = −π
k
(
M− 2π
κP
P2
)
ǫL +
ǫ′′L
2
, (B.11a)
σ1 = σM, σ
0 = −σ′M,
σ−1 = −π
k
(
N− 4π
κP
JP
)
ǫL − π
k
(
M− 2π
κP
P2
)
σM +
σ′′M
2
, (B.11b)
ǫ¯ = ǫJ +
4π
κP
ǫLP, σ¯ = σP +
4π
κP
(ǫLJ+ σMP) , (B.11c)
where the functions ǫL, ǫJ, σM and σP depend on u and ϕ and a prime denotes differenti-
ation with respect to ϕ. In addition these functions have to satisfy
∂uǫL = ∂uǫJ = 0, ∂uσM = ∂ϕǫL, ∂uσP = ∂ϕǫJK. (B.12)
That means that these gauge parameters can also be written as
ǫL = ǫL(ϕ), σM = ǫM(ϕ) + uǫ
′
L (B.13a)
ǫJ = ǫJ(ϕ), σP = ǫP(ϕ) + uǫ
′
J. (B.13b)
The fields M, L, J and P then transform under the gauge transformations (B.11) as
δǫM = ǫLM
′ + 2Mǫ′L + Pǫ
′
J −
k
2π
ǫ′′′L , (B.14a)
δǫL = ǫMM
′ + 2Mǫ′M −
k
2π
ǫ′′′M + Pǫ
′
P + ǫLL
′ + 2Lǫ′L + Jǫ
′
J, (B.14b)
δǫP = ǫLP
′ + Pǫ′L +
κP
4π
ǫ′J, (B.14c)
δǫJ = ǫMP
′ + Pǫ′M +
κP
4π
ǫ′P + ǫLJ
′ + Jǫ′L. (B.14d)
The corresponding canonical boundary charges are obtained by functionally integrating
[92, 93]
δQ[ǫ] + δQ[ǫ¯] =
k
2π
∫
dϕ 〈ǫ δAϕ〉+ κP
8π
∫
dϕ 〈ǫ δCϕ〉 . (B.15)
For the boundary conditions (4.8) one obtains
δQ[ǫ] + δQ[ǫ¯] =
∫
dϕ (ǫLδL+ ǫMδM+ ǫJδJ+ ǫPδP) , (B.16)
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which can be functionally integrated to yield
Q[ǫ] +Q[ǫ¯] =
∫
dϕ (ǫLL+ ǫMM+ ǫJJ+ ǫPP) . (B.17)
B.3 N = 4 Supergravity
In this subsection we determine the gauge transformations preserving (4.18). The follow-
ing analysis is conceptually very similar to the calculations performed in Section B.2 with
some minor differences that one has to be aware of.
In order to determine the gauge transformations that preserve the boundary conditions
(4.18) we make a general ansatz for such a gauge parameter as
ǫ(r, u, ϕ) = b−1
 1∑
a=−1
ǫaLa + σ
aMa +
1
2∑
a=− 1
2
±χaG±a +
±ψaR±a + ǫ¯J+ σ¯P
 b, (B.18)
where the functions ǫa, σa, ±χa, ±ψa, ǫ¯ and σ¯ are arbitrary functions of u and ϕ. The
connection A transforms under such gauge transformations as
δǫA = dǫ+ [A, ǫ}, (B.19)
where [, } denotes the supercommutator that for A, A¯ being bosonic and B, B¯ being
fermionic operatora acts as
[A, A¯} = [A, A¯], [A,B} = [A,B], [B, B¯} = {B, B¯}. (B.20)
In terms of this ansatz the gauge transformations that preserve the boundary conditions
(4.18) are given by
ǫ1 = ǫL, ǫ
0 = −ǫ′L,
ǫ−1 = −π
k
(
M+
π
4k
P2
)
ǫL +
π
2k
(
R+ǫ+
G
+ R−ǫ−
G
)
+
ǫ′′L
2
, (B.21a)
σ1 = σM, σ
0 = −σ′M,
σ−1 = −π
k
(
N +
π
2k
JP
)
ǫL − π
k
(
M+
π
4k
P2
)
σM +
σ′′M
2
+
π
2k
(
G+ǫ+
G
+ G−ǫ−
G
+ R+ǫ+
R
+ R−ǫ−
R
)
, (B.21b)
±χ
1
2 = ǫ±
G
, ±χ−
1
2 = − π
2k
(
R
∓ǫL ± Pǫ±G
)− (ǫ±
G
)′, (B.21c)
±ψ
1
2 = ǫ±
R
, ±ψ−
1
2 = − π
2k
(
R∓σM + G
∓ǫL ± Pǫ±R ± Jǫ±G
)− (ǫ±
R
)′, (B.21d)
ǫ¯ = ǫJ − π
2k
ǫLP, σ¯ = σP − π
2k
(ǫLJ+ σMP) , (B.21e)
where the functions ǫL, ǫJ, ǫ
±
G
, ǫ±
R
, σM and σP depend on u and ϕ and a prime denotes
differentiation with respect to ϕ. In addition these functions have to satisfy
∂uǫL = ∂uǫJ = ∂uǫ
±
G
= ∂uǫ
±
R
= 0, ∂uσM = ∂ϕǫL, ∂uǫ
±
R
= ∂ϕǫ
±
G
, ∂uσP = ∂ϕǫJ. (B.22)
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That means that these gauge parameters can also be written as
ǫL = ǫL(ϕ), σM = ǫM(ϕ) + uǫ
′
L, (B.23a)
ǫ±
R
= ǫ±
R
(ϕ), ǫ±
G
= ǫ±
G
(ϕ) + u(ǫ±
R
)′, (B.23b)
ǫJ = ǫJ(ϕ), σP = ǫP(ϕ) + uǫ
′
J. (B.23c)
The fields M, L, J and P then transform under the gauge transformations (B.21) as
δǫM = ǫLM
′ + 2Mǫ′L + Pǫ
′
J −
k
2π
ǫ′′′L
− 1
2
(
ǫ+
G
(R+)′ + ǫ−
G
(R−)′ + 3R+(ǫ+
G
)′ + 3R−(ǫ−
G
)′
)
, (B.24a)
δǫL = ǫMM
′ + 2Mǫ′M −
k
2π
ǫ′′′M + Pǫ
′
P + ǫLL
′ + 2Lǫ′L + Jǫ
′
J
− 1
2
(
ǫ+
G
(G+)′ + ǫ−
G
(G−)′ + ǫ+
R
(R+)′ + ǫ−
R
(R−)′
+3G+(ǫ+
G
)′ + 3G−(ǫ−
G
)′ + 3R+(ǫ+
R
)′ + 3R−(ǫ−
R
)′
)
, (B.24b)
δǫR
± = −2Mǫ±
G
R±J± ǫ∓
G
P′ ± 2P(ǫ∓
G
)′ + ǫL(R
±)′ +
3
2
R±ǫ′L +
2k
π
(ǫ∓
G
)′′, (B.24c)
δǫG
± = −2Nǫ±
G
− 2Mǫ±
R
± G±J±R±P± ǫ∓
G
J′ ± 2J(ǫ∓
G
)′ ± ǫ∓
R
P′ ± 2P(ǫ∓
R
)′
+ ǫL(G
±)′ +
3
2
G
±ǫ′L + ǫM(R
±)′ +
3
2
R
±ǫ′M +
2k
π
(ǫ∓
G
)′′, (B.24d)
δǫP = ǫLP
′ + Pǫ′L + ǫ
+
G
R+ − ǫ−
G
R− − k
2π
ǫ′J, (B.24e)
δǫJ = ǫMP
′ + Pǫ′M −
k
2π
ǫ′P + ǫLJ
′ + Jǫ′L + ǫ
+
G
G+ − ǫ−
G
G− + ǫ+
R
R+ − ǫ−
R
R−. (B.24f)
The corresponding canonical boundary charges are obtained by functionally integrating
δQ[ǫ] =
k
2π
∫
dϕ 〈ǫ δAϕ〉 . (B.25)
For the boundary conditions (4.18) one obtains
δQ[ǫ] =
∫
dϕ
(
ǫLδL+ ǫMδM+ ǫ
+
G
δG+ + ǫ−
G
δG− + ǫ+
R
δR+ + ǫ−
R
δR− + ǫJδJ+ ǫPδP
)
,
(B.26)
which can be functionally integrated to yield
Q[ǫ] =
∫
dϕ
(
ǫLL + ǫMM+ ǫ
+
G
G+ + ǫ−
G
G− + ǫ+
R
R+ + ǫ−
R
R− + ǫJJ+ ǫPP
)
. (B.27)
C Logarithmic Corrections via Saddle Point Approx-
imation
Quantum gravity corrections in micro-canonical entropy of black holes generally behave
logarithmically [94–98]. This follows from computing the quadratic fluctuations about
the saddle used in getting the leading order behaviour from the density of states function.
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In this direction, let us first denote the quantity in the exponential of the transform
equation (6.17) as:
f(ρ, η, µ, ν) = 2
(
ρ
η2
hvM −
1
η
hvL − ρhM − ηhL − µp− νj
)
− ν
2
2η
κJ−2ηµν − ν
2ρ
2η2
κP . (C.1)
Expand it around the saddle defined by (6.18) up to second order:
f(~λ) = f( ~λ0) + (λ
i − λi0)(λj − λj0)∂i∂jf(~λ)
∣∣∣
~λ= ~λ0
, (C.2)
where the quadruplet ~λ captures the modular and flow parameters in the order maintained
above. In view of (6.17), f( ~λ0) serves as the leading term, whereas the contribution from
quadratic fluctuation of (C.2) gives:
d(2) =
∫
(Πdλi) e
πi(λi−λi
0
)(λj−λj
0
)∂i∂jf(~λ)
∣∣∣
~λ= ~λ0 . (C.3)
Proper analytic continuation in the λ space gives after us the relevant term for
log d(2) ∼ −1
2
log
(
det ∂∂f(~λ)
∣∣∣
~λ= ~λ0
)
= log
(
hvM
4κP (
p2
κP
− hM )2
)
∼ −2 log
(
12p2
cM
+ hM
)
, (C.4)
where ∂∂f(~λ) stands for the 4×4 matrix that is formed by applying twice derivatives with
respect to the four chemical potentials ρ, η, µ, ν. Note that this expression is spectral
flow invariant, as expected.
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